Determinism without causality 
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A precise definition of causality in pliysics lias been missing so far, only supplemented by ad hoc 
assumptions based on empirical evidence. Causality has then been often confused with the notion of 
determinism. In view of the debate about quantum foundations, it is mandatory to separate the two 
notions with clear-cut definitions. Quantum theory provides an example of causal not-deterministic 
theory. Here we introduce a toy operational theory that is deterministic and non-causal, thus proving 
that the two notions of causality and determinism are totally independent. 



Causality is subject of a very extensive literature, en- 
compassing hundreds of contemporary books and tech- 
nical articles. It hits a wide spectrum of disciplines, 
ranging from pure philosophy to law, economics, natural 
sciences, and, in particular, physics. Perhaps the most 
natural connection with physics is in philosophy, from 
the early work of Aristotle, to the cornerstone of Renee 
Descartes, who broke the ground for the modern view of 
David Hume and Immanuel Kant, up to the contempo- 
rary works on physical causation of Wesley Salmon [ij 
and Phil Dowe 

The recent reconsideration of foundations of physics, 
with particular focus on quantum theory, has brought 
research in theoretical physics to explore issues in the 
territory shared with philosophy and epistemology. A 
paradigmatic case is the issue of realism raised by the 
founding fathers von Neumann 3] and Einstein [4| in 
regards of non-locality and completeness of quantum 
theory. The problem of causality has remained in the 
realm of philosophy, and stayed only in the background 
of physics, without the status of a physical law or the 
rank of a principle. Most of the time causality creeps 
in the form of ad hoc assumptions based on empirical 
evidences — like the discard of advanced potentials in elec- 
trodynamics or the Kramers-Kronig relations — or it is 
part of the interpretation of the theory — e.g. in special 
relativity — or else it is hidden in the theoretical frame- 
work, as in Hardy axiomatization of quantum theory 5] . 

A notion that is traditionally connected with causal- 
ity in physics and philosophy is determinism, which is 
deeply entangled with causality, to the extent that the 
two are often confused. An exemplar quotation is from 
Max Planck: "An event is causally determined if it can 
be predicted with certainty" The notion of determin- 
ism arose within the clockwork-universe vision of classi- 
cal mechanics, assessing that the state of a system at an 
initial time completely determines the state at any later 
time. Classical mechanics, however, identifies the state 
(the point in the phase-space) with the measurement- 
outcome, while the two notions are radically different 
in quantum theory, and more generally in operational 
probabilistic theories 0, @] • These allow us to define de- 
terminism outside the framework of classical mechanics 



which is already deterministic, avoiding the confusion be- 
tween state and measurement-outcome. In the opera- 
tional probabilistic context Q determinism is identified 
with a property of a theory, namely having probabilities 
of all events equal to either zero or one. 

The property of causality within classical theory is triv- 
ialized by the irrelevance of the notion of measurement, 
which is identified with that of state itself. Complemen- 
tarity is the feature that breaks the classical identification 
between observation and preparation (measurement and 
state). Causality is the independence of the probability 
of preparation from the choice of observation: this defi- 
nition of causality distills all the intuitive guises in which 
it appears in physics. In this formulation it is the first 
axiom of quantum theory in the derivation of Ref. . 

Quantum theory provides a relevant example of oper- 
ational probabilistic theory that is causal and not deter- 
ministic. In this paper we introduce a toy theory that is 
deterministic and non-causal. The purpose is to prove in 
this way that neither causality implies determinism, nor 
determinism implies causality, namely the two notions 
are logically independent. 

Before starting we need to review the basic defini- 
tions and notations for Operational Probabilistic The- 
ories (OPT). For a detailed discussion see [31 . The basic 
notion in the operational framework is that of test. A test 
A. = {Ai} describes an elementary operation which gen- 
erally produces the readout of an outcome i, heralding 
the occurrence of an event Ai . Tests are also specified by 
an input and an output label, e.g. A,B, which identify 
the system types {systems, for short). The test and 
its building events Ai ^ A. can be repr esented by means 
of boxes as - 



A 



and 



A^ 



respectively. 



The role of labelling input and output systems is to pro- 
vide rules for connecting tests in sequences: an output 
wire labeled A can be connected only to an input wire 
with the same label A. The event Bj o Ai belonging to 
the sequential composition S o ^ of the tests A and B is 
A 



represented as ■ 



Ai 



— (a similar graphical 
representation holds also for the test B o A itself). For 
every system A there exists a unique singleton test {Ia} 
such that Ib ° A ^ Ao Ia for every event A with input 
A and output B. For every couple of systems (A,B) we 
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FIG. 1. The closed circuit in the figure represent 

the joint probabihty Pr[ii, 12, . . . ig|^, ,4., . . . , G] of outcomes 
ii,i2,...is conditioned by the choice of tests ^,A.,...,G. 
Since the output of the event Ai2 is connected to the input 
of the event T>i^ through the system F, the event Ai2 imme- 
diately precedes the event {^12 ^1 ^is)- Similarly, since 
between the event Bi^ and the event £ig there is such 
that ^1 Vi^ ^1 £i(5, the event Bi^ precedes the event 
[Bi^ -< fig). If the closed circuit of the figure belongs to 
a causal theory, we have e.g. that the marginal probability 
of the event £ X> cannot depend on the choice of any 
test X such that Af 7^ U, i.e. PrfisI*, A, B, C, X>, f , jT, G] = 
Pr[i5|*,A B\. 



can form the composite system C := AB, on v^rhich wg 
can perform tests A.® 3 with events Ai ® Bj in parallel 
composition represented as follovirs 



Ai ® Bi 



A, 



c 




D 







and satisfying the following condition: 

{Ch (g) Vk) o (A ® B^) = [Ch o A) ® {Vk o Bj). 

Notice that here ^ is a formal symbol for parallel compo- 
sition, and not the usual tensor product of linear spaces. 
There is a special system type I, the trivial system, such 
that AI = lA = A. The tests with input system I and 
output A are called preparation-tests of A, while the tests 
with input system A and output I are called observation- 
tests of A. Preparation-events of A are denoted by the 
symbols |p)a or Cp~\^, and observation-events by (c|a or 

An arbitrary complex test obtained by parallel and se- 
quential composition of box diagrams is called circuit. A 
circuit is closed if its overall input and output systems 
are the trivial ones. Figure [T] is an example of closed 
circuit. Given a circuit we say that an event "H is imme- 
diately connected to the input of IC, and write H ^1 /C, if 
there is an output system of 7i that is connected with an 
input system of IC; e.g. referring to the circuit in Fig. [T] 
-<i T^ir,- We can moreover introduce the transitive 
closure -< of the relation -<i, and we say that % is con- 
nected to the input of K. \f T-L ^ K. (e.g. Bi^ -< £i^. The 
two relations ^1 and -< can be trivially extended from 
events to tests. 

A theory is probabilistic if every closed cir- 
cuit represents a probability distribution; e.g. the 



closed circuit in Fig. [T] represents the probability 
Pr[ji, Z2, • ■ • *8|*i A., ■ . ■ ,G] of outcomes ii, 12, ... is con- 
ditioned by the choice of tests A, . . . , G Q. In prob- 
abilistic theories we can quotient the set of preparation- 
events of A by the equivalence relation \p)a ~ \u)a 
the probability of preparing \p)a and measuring (c|a 
is the same as preparing \a)A and measuring (c|a 
for every observation- event (c|a of A (and similarly 
for observation-events). The equivalence classes of 
preparation-events and observation-events of A will be 
denoted by the same symbols as their elements \p)a and 
(c|a, respectively, and will be called state \p)a for system 
A, and effect (c|a for system A. For every system A, we 
will denote by St(A), EfF(A) the sets of states and effects, 
respectively. States and effects are real- valued function- 
als on each other, and then they can be naturally embed- 
ded in reciprocally dual real vector spaces, StR(A) and 
EffR(A), whose dimension Da is assumed here to be fi- 
nite. The application of the effect (ci|A on the state |p)a 
is written as {ci\p)A and corresponds to the closed circuit 
Cp~[^^f"cr), denoting therefore the probability of the z-th 
outcome of the observation-test c = {(ci|A}iGi) performed 
on the state p of system A, i.e. (ci|p)A := Pr[ci|p]. 

Any event with input system A and output system B 
induces a collection of linear mappings from StR(AC) to 
Sti{(BC), for varying system C. Such a collection is called 
transformation from A to B. The set of transformations 
from A to B will be denoted by Transf(A, B), and its lin- 

The symbols A and 



A 



ear span by TransfM(A, B). 
denoting the event A will be also used to represent the 
corresponding transformation. 

We now introduce a precise notion of determinism 
through the following definition Q 

Definition 1 (ODT). An Operational Deterministic 
Theory (ODT) is an OPT with all closed circuits hav- 
ing probabilities or 1. 

One cannot forbid the construction of the "statistical" 
version of an ODT (as it happens for classical mechanics) 
by considering the OPT which is the convex closure of 
the ODT. 

Given a set S the convex cone AS is the conic hull of 
S, namely the set of all conic combinations of elements 
of S. With obvious notation we have the cones ASt(A), 
AEff(A), and ATransf (A, B). The elements on the ex- 
tremal rays of the cones are called atomic. In the follow- 
ing, we will use the Greek letters to denote states and 
Latin letters to denote effects. Moreover, in the rest of 
the paper we will not specify the system when it is clear 
from the context or it is generic. 

An event A is deterministic if it belongs to a singleton 
test. We will denote respectively with Sti(A) , Effi(A) 
and Transfi(A,B) the set of deterministic states, effects 
and transformations for systems A and B, and we will 
often use the symbols |e) and (e| to refer respectively to a 
deterministic state and effect. Note that in convex OPTs 
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the sets Sti(A) and Effi(A) are convex. Deterministic 
transformations are also called channels. 

Among the properties of OPTs, a relevant one is Local 
Discriminability [7|, namely the possibility to discrimi- 
nate multipartite states only through local measurement 
on the subsystems: 

Definition 2 (Local Discriminability). If |p)ab, |o')ab G 
Sti(AB) are states and |p)ab 7^ |o')ab, then there are 
two effects (a|A € Eff(A) and (&|b e Eff(B) such that 



-[a) 



Local Discriminability is equivalent to StR(AB) ~ 
StR(A) (g) StR(B) P, where now the symbol denotes 
the usual tensor product of linear spaces. The analog 
condition also holds for the effects. An important conse- 
quence of Local Discriminability is that a transformation 
T G Transf (A, B) is completely specified by its action on 
St(A) 0: 

C\p)^C'\p) V|p)eSt(A) ^ C = C'. 

We now introduce the definition of causality [8] . 

Definition 3 (Causal OPT). An OPT is causal if the 
probability for every preparation-test p {\Pi)}ieri 
and any two observation-tests a — {(aj|}jex ^ = 
one has J2j^^{aj\pi) = J2k<Eii^k\Pz)yi G V, 
namely the probability of the preparation is independent 
of the choice of observation. 

Causality is equivalent to no backward signaling [lo| . 
namely within a closed circuit, the marginal probability 
of outcomes for a given test "H do not depend on the 
choice of any test /C not connected to the input of H, 
i.e. K jk'H. For example, in the circuit of Fig.[T]causality 
implies that 

Pr[i5 1 * , A B, C, 2>, £, G] - Pr[i5 1 * , A 

The present notion of causality is nothing but a rigor- 
ous definition of the so-called Einstein causality. Indeed, 
a corollary of no backward signaling is the no-signaling 
without interaction 01 ■ A crucial equivalent condition for 
causality of an OPT is the uniqueness of the deterministic 
effect 0. 

In the following we will take Local Discriminability for 
granted. We say that a linear map T G TransfR(A, B) is 
admissible if it locally preserves the set of states St(AC), 
namely T (8) Xc(St(AC)) C St(BC). In the following we 
will assume that every admissible map actually belongs 
to Transf(A,B). We will refer to this last assumption as 
No- Restriction Hypothesis [111] . 

We now introduce an example of non-causal determin- 
istic theory. The systems will be denoted by the sym- 
bols n > m, where n, m are positive integer numbers, 



and they enjoys the property that dimStR(n > m) = 
dimEffR(n > m) = n ■ m. Composition of systems is 
defined as (n i> m)(n' > m') :— x i> y, where x — n ■ n' 
and y = m - m' , consistently with Local Discriminability. 
Notice that this definition is consistent with associativity 
and commutativity of parallel composition, as well as the 
existence of a trivial system I := (ni>m) with n = m — 1. 

Denote by r„ the set of all the non-negative integer 
numbers less than n, i.e. r„ {0,. . . ,n — 1}. The set 
of states of the system n [> m is defined as St(n > m) := 
{I^/.h) I / : S — >• Tjn and S C r„}. The atomic states 
of St(n[>m) are the elements |a/_{i}) with / : {i} — !> r„i, 
i € r„ . In the following we will use a special notation for 
the atomic states: \aij) := |a/,{i}) with f{i) — j. The 
number of different atomic states for n>m is n-m, i.e. the 
same as the dimension of StR(n > m). For S, T C r„ 
with S n T = 0, the states of n > m enjoy the property 
\af.E.) + \ag,r) = |ah,HuT), with h : SUT r,„, h{i) := 
f{i) for j g S, and h{i) := g{i) for i e T. Notice that for 
S n T ^ 0, |a/,H) + \c(g,r) is not a valid state. We have 
that a deterministic state is an element |e/) :— |a/,r„), 
hence the set of the deterministic states is Sti(ni>m) = 

{|£/), /: r„^r™}. 

The set of states St(x > y) for the bipartite system x > 
y = (n > m)(n' > m') is built up via the definition of 
bipartite atomic states as parallel composition of single- 
system atomic states \ai^s.s') (t.t')) ■— \ctst) (^\cts' t'), with 



Fa: ■ — Fj^ X Fyj' and F^ : — F^ x F^ 



It can be shown 



that this is the only possible definition of atomic state 
consistent with Local Discriminability (see Props. 1, and 
2 in the Supplemental Material). 

Under the No-Restriction Hypothesis we can easily 
build the set of effects for the system n t> ni from the 
set St(n(>m). The atomic effects are the elements {ogs'l 
such that {ass'\cttt') = SstSs't' (see Prop. 4 in the Sup- 
plemental Material). In general, it can be shown that 
Eff(n <> m) := {(ai,,E| | u G F„ and E C F,„}, using 
the definition (av.Eupl •= (a-u,£;| + (a-u,F| for i? n F = 
(see Prop. 5 in the Supplemental Material). The atomic 
effects are (as_{s/}| = (as^'l- The deterministic effects 
are the elements (e^| :— (ai;,r„|, and one can verify 
that (e„|£/) = 1 for every |e/) e Sti(n>m). Indeed, 
one can check that {av,E\ctf,3) ■= X's{v)xE{.f{v)), with 
Xs the indicator function of the set S, showing that 
for E = F,„, S = F„ — i.e. for deterministic states and 
effects — (e„|e/) = (ai;,r„ |Q!/,r„) = 1- Notice that for a 
generic system n o m there are n different deterministic 
effects; since an OPT is causal if and only if for every 
system there is just a single deterministic effect 0, we 
conclude that the presented theory is non-causal. 

To complete the theory, we need to specify all possible 
transformations. The set of transformations Transf (n > 
m, p i> q) is built up starting from the atomic elements 
J"**', with {s,s',t,t') £ F„ X Tm xTp xTq defined as 
J^ls'l'^vv') ■= S^S^'i\att') (see Props. 6, 7, 8, and 9 in 
the Supplemental Material). The other transformations 
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belonging to Transf (n>ni, p>q) are the elements 7^{^ 



J2is',t)en^ms'^ with ^ 
and p : Tp X ^ Tg 

Supplemental Material) . 
with f(t) — s and g{t, s' 
to p>q are the elements 7"^^ := ■ This completes 

the construction of the full theory, which is deterministic 
and non causal. 



c r„ X 



o 

_ . / : 

(see Props. 10, and 11 in the 
Notice that J"**', = r/,,%{,j 
— t' . The channels from n > m 



We can give now an explicit example which shows the 
non-causal features of the presented theory. Let us con- 
sider a simple case with the system 2 > 2 and the ex- 
perimenter Alice. Alice wants to prepare the system 
2>2 by means of the preparation test {|a/,Hj}i=o,ii with 
Sj :— {i} for i = 0, 1, and / arbitrary function from T2 
to She subsequently measures the system chosing 
one observation test between T^q := {(ao^s- |}i=o,i a-nd 
X>i := {(ai_Hj}i=o,i- It can be easily seen that the prob- 
ability of preparing the state la/^Si) depends on which 
observation Alice wants to perform. Indeed, 

Pr[a/,Hol^o] = (ao,Ho|a/,Ho) + (ao,Hi |a/,Ho) = 
= (eo|a/,Ho) = 1, 

Pr[a/,Hol^i] = (ai,Ho|a/,Ho) + (ai,Hi |a/,Ho) = 
= (ei|a/,Ho) = 0, 

and similarly for the state |a/^Hi)- 

We can moreover show how this deterministic non- 
causal theory violates the no-signalling without interac- 
tion, i.e. by means of a bipartite deterministic state an ex- 
perimenter Bob can communicate with Alice just with lo- 
cal measurements on his own subsystem. Let us suppose 
that both the systems of Alice and Bob are 2[>2, and that 
they share the bipartite deterministic state |e) £ St(4[>4). 
Keeping the same notation of the previous example, let us 
suppose that Bob can perform the two observation-test 
f Oi 1^1- It can be easily shown that, unlike in Quantum 
Theory, if \e)AB is properly chosen the state Alice sees 
in her subsystem without knowing the outcome of the 
measurement performed by Bob (the so-called marginal 
state of Alice), will depend on the choice made by Bob. 
In this way Alice performing a local observation on her 
own subsystem can assess the choice of the measurement 
made on the other subsystem, getting therefore informa- 
tion from Bob. Indeed, if Bob performs the test "Dq the 
marginal state of Alice will be 



2t>2 



2>2 





2>2 


£ 


2t>2 


«0,Hi 







of Alice when Bob performs the test "Dq is 
{eo\B\e)AB = ^ last) ® (eolats) = 

St 

= ^r2(s) \ast) = X! I""")' 



namely the deterministic state |e;io) G St(2>2) where /iq 
is the function such that h^{x) :— \lx £ T2- Similarly, 
the marginal state of Alice when Bob performs the test 
I>i is — with hi{x) := 1 Vx G r2. Ahce can dis- 
tinguish between the two marginal states \£ha)i kfti) by 
means of the test X>o, assessing the choice of Bob. 

The presented deterministic non-causal theory can also 
be built in a constructive way [l^ . It is done in two 
steps. The first one consists in building a non-causal 
OPT through the addition of a non-causal shell around 
an internal causal core corresponding to the classical 
OPT, thanks to a construction analogous to that of quan- 
tum combs in the case of quantum theory 13|, [lj| . Then 
the resulting two-shell theory is constrained to be de- 
terministic. An interesting result is that every transfor- 
mation of the probabilistic non-causal core-|-shell theory 
can be implemented just using elements of the core causal 
theory 12l |. 

In this letter we have presented a concrete example 
of deterministic theory which is non causal. Along with 
the case of Quantum Theory, which is causal and not 
deterministic, the present results show that the two no- 
tions of causality and determinism are totally indepen- 
dent, against the common confusion between the two. 



Let us choose as deterministic bipartite input the state 
le) := X^st I'^st)® |ats)- We have that the marginal state 
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Proposition 1. // Local Discriminability holds, the 
parallel composition of two atomic transformations is 
atomic. 

Proof Let A £ Transf(A,A'), B G Transf(B,B') be 
atomic transformations between systems. Let us con- 
sider the transformation B € Transf (AB, A'B'). Let 
us suppose that A® B can be decomposed as follows 



A 



B 



A' 



A 


V 


A' 


B 


B' 







V 



(4) 



where A^„, are constants which can depend on the 
choice of |a) and (a|. Let us now suppose that A^^^ = 0. 
Then we have 

AL(fo|B|/3) = Mf^(a|^H = 0, 



for all 1/3). Since by hypothesis (a|^|a) ^ 0, wc have 



'"^ — for all (6|, \(3), and finally this implies that 



> 
oo 

o 



X 



for a non trivial couple of transformations ^ C,V £ 
Transf (AB, A'B'). For any state \(3) e St(B), and any 
effect {b\ e Eff(B') such that {b\B\l3) ^ 0, we have 



A 


V 


A' 









Since the transformation A is atomic we have that the 
transformations (6|bC|/3)b' , (&|bT'|;3)b' e Transf (A, A') 
must be proportional to A; in particular for any state 
\a) G St(A), and any effect (a| G Eff(A') such that 
(a|^|a) 7^ 0, it must be 




= Aifc;3(a|-4|a), 



= l^bp{a\A\a), 



(1) 
(2) 



where /i^^, are constants which can depend on the 
choice of \j3) and {h\. One can repeat a similar argument 
on the other subsystem, getting: 



(3) 
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= 0, 



for all (a|, {b\, |a), |/3), namely, by Local Discriminability, 
C — contrarily to the hypothesis. By similar arguments 
we can then prove that the coefficients A^^ , A^^ , /i^^ , and 
/if^ are all positive. 

Comparing Eq. (P) with Eq. ([3|), and Eq. ^ with 
Eq. ^ one obtains: 



A^„ 



{a\A\a) ~ {b\B\l3) 



>0, 



A 



V 

aa 



{a\A\a) {b\B\l3) 



> 0. 



The previous relations show that all the ratios are in- 
dependent of the choices of |a), |/3), (a|, {b\, i.e. k'^ :— 
\Uia\A\a) = M^^/(6|6|/3) and := A?„/(al^|a) ^ 
fifp/{b\B\f3). Using these definitions for k^ and in 
Eqs. (HI,© one gets 




= k^ 




(IHB}-[b) 



for all \a), |/3), (a|, (6|. By Local Discriminability this 
implies k'^A ®B = C, and k'^A ®B = V, namely A®B 
is atomic. ■ 

Proposition 2. Let {|as t)}(s,t)er„ xr,„ ^ St(n > m) 
the atomic states of the system n > m; similarly let 
lions' t')}(s',t')er„, xr,„, C St(n'i>m') the atomic states of 
the system n' om'. Then, the atomic states of the com- 
posite system xl>y := (n>m)(n' t> m') are the elements 
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Proof. By definition, the system x > y has x x y atomic 
states, and since xoy = (n>m)(n' >m') we have x x y = 
nxmxn'xm'. Since the states [a^ t) ® la'^/ (/) G St(x>y) 
are atomic (see Prop. [T]), different from each other, and 
their cardinality is exactly n x m x n' x m' , we conclude 
that they are the atomic states of St(x > y). ■ 

Proposition 3. A linear map T G TransfR(n > m, p > 
q) is admissible if and only if is locally admissible, 
I.e. r(St(ni>m)) C St(pi>q). 

Proof. First, let us recall that a map T S TransfR(A, A') 
is admissible if and only if T «) lB(St(AB)) C St(A'B) 
for every system B. Let us prove the equivalence for the 
deterministic non-causal theory in two steps. 

{=>): this implication is trivial and it always holds, 
regardless the theory involved; i.e. local admissibility can 
be derived from the admissibility taking the system B to 
be the trivial one I. 

(<^) ; the linear map T £ TransfK(n > m, p > q) is Lo- 
cally Admissible by hypothesis, therefore for any atomic 
state |ass') S St(n>m) we have T\ass') — \aps' ^ss') G 
St(pi>q), where f'' : E'"' C Fp ^ F,. Notice that, 
since for sq 7^ si the state Ickj^sj^) + la^is'^) is valid, 
then by Local Admissibility also T[ \aso s'^) + \ctsi s[) ] — 
l^fso^'f, ^sgs'g ) + Ittjsisi ~si3[ ) is a valid state, therefore we 
must have that 

^sos'o n S^i^'i = V4,Vs; and sq ^ si. (5) 

For an arbitrary system n' t> m', let us choose freely 
the state \ag^r) of the composite system xoy := (no 
m)(n' >m'). It can be expanded on the atomic multipar- 
tite states \as s')'i^\oitt') — with \ass') G St(nt>m), la^j,) G 
St(n't>m')— as \ag^r) = J2ss'tt' ass'tt'\as s') ^ la'tf,) with 
ass'W ■= Ss'gi{s,t)St'g2{s,t)Xr{s,t), for a couple of func- 
tions gi : T Fm, g2 : T — > F,„' such that 
g{s,t) — {gi{s,t), g2{s,t)). On such arbitrary multipar- 
tite state the map T®Xn'om' leads to a valid state of the 
composite system x' [> y' ;= (p > q)(n' > m'): 

[ T®In'[>m' ] \ag,T) = 

= 51 '^ss'tfT\ass') ® In'om' I "tt') = 
ss' W 

= ^ ass'tt'|a/==',E:=»') ® Wtt') = 

ss' it' 

= ^ ass'u'5^,fss'^^^)XB.^s'{v)\a^^>)®\att') = 

ss'tt'vv' 

= H '5.'si(s,t)'^t's2(.,t)XT(s,i)^«'/"'W^S-'(^)x 

ss' tt'vv' 

x\ayy') (gi \att')- 
(6) 

The most internal sum represents the valid state 

la^aa'^A-') e St(x' y') with h'""' : A'"' 

r,j X Fm', where A'** ^ Fp x r„/ is defined by 



XA--'i^^y) := ^s'si(s,y)XT(s,2/)XH-'(a;), and /i*'*'(a;,y) 
{hfix,y),hfix,y)), hfix,y) := /-'(a;), hf{x,y) 
.92(3,2/). Hence the relation of Eq. ([6]) can be rewritten 
as [ T(X)In'i>m' ] lag.r) = J2ss' A'^'^')- This sum rep- 
resents a valid states for St(x'>y') since the various A** 
are disjoint: let us take two sets A^^^o^ A*!**!, and eval- 
uate XA=o=;,nA=i=i = X^sos'^ix,y)x^.^.[ix,y)■ If so = Si 
we have 

Ss'„g^{so,y)Ss[g,{so,y)Xr{so,y)Xssos'„ {x)Xssos', (x) = 

= Ss'„s[Ss'^g,(so,y)Xriso,y)Xssos'„ {x)x^,B^'Ax) 

which is equal to zero when s'q ^ s[ — thanks to the first 
Kronecker's delta. On the other hand if sq ^ s\ we have 

^43i(5o,y)'549i(^i,a)XT(so,y)xT(si,2/)x2=o4 (a;)X3=i='i(a;) 

^4gi(so,y)'549i('*i,a)XT(so,y)XT(si,2/)X3=o^nE=i4(2;)' 

which is always equals to zero thanks to Eq. ([5]), which 
implies X2=o=;,nH=i=i(^) = 0. ■ 

From now on, all the admissibility proofs will be re- 
duced to local admissibility, thanks to Prop. [S] 

Proposition 4. Under the No-Restriction Hypothesis 
the atomic effects 0/ n > m are the elements (a^ s' \ of 
EffR(nl>m) with (s, s') G F„ x F™ such that (a^ s' l^t f) = 
SsfSs'f Vs,t G F„ and \fs',t' G Tm. 

Proof. The proof goes in three simple steps: first we show 
that the elements (a^ s' \ are admissible. After showing 
that they are also linearly independent (therefore they 
span all the set EffK(ni>m)) we show that every effect (c| 
for the system nom can be written as (c| = J^ij ^ss' (fls s' \ 
with Css' non negative, proving that the set of atomic 
effects coincides with the set {(ass'|}(s,s')6r„xr„,- 

The effects (a^ s' \ are locally admissible, since for every 
state |q:/.h) 

(a^s'la/.s) = ^Xsit)St'f(t){ass'\att') = Xh(s)(5^'/(s), 
tt' 

which is an admissible probabilty p G {0, 1}. Thanks 
to Prop. [3l the (og g/ 1 are admissible, and by the No- 
Restriction Hypothesis they belong to Eff(n > m). 

Now, let us show that a null linear combination of the 
elements {att'\ — say (c| = J2tt' (^tt'icttt'l — necessarily has 
Ctt' = Vt G F,i, \/t' G Tm- Indeed, for any atomic state 
\ass') we get 

= {c\ass') = '^ctt'iatt'\ass') = Css', 
tt' 

for every s,s', i.e. all the {att'\ are hnearly indepen- 
dent. We have that the number of different effects 
(att' I G Eff(n > m) is n • to, as many as dim StR(n > m) = 
dimEffR(n i> m) = n • m: we conclude that the effects 
(att' I G Eff(n>m) span the whole linear space EffR(n>ni). 
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The third step is easily proven noticing that an arbi- 
trary effect (c| = ^jj, Ctt'{att' \ is a {0, l}-functional over 
the states. Since {c\aij) = Cy Vi £ r„, Vj G r^, we 
conclude that every effect is a conic combination of the 
elements (att'\ with coefficients or 1. Since linear com- 
bination with negative coefHcients are forbidden we con- 
clude that all the effects {at t' \ are atomic. For the same 
reason, there are no other atomic effects in EfF(ni>m). ■ 

Proposition 5. Under the No-Restriction Hypothesis 
the effects of the system nom are the elements {av,E\ ■— 

Proof. The proof proceeds in two steps. First of all we 
prove that the elements {av,E\ G EfFR(n > m) are valid 
effects for the system n > m. Then we prove that there 
are no further effects in Eff (n > m) . 

We only need to prove that the elements (a^.^l G 
EffR(n [> m) are locally admissible, and therefore they 
are admissible by Prop. |31 Finally, this implies that they 
belong to Eff (n > m) thanks to the No-Restriction Hy- 
pothesis. 

The effects (a^^sj are locally admissible, since for every 
state |q!/^h) we have 

(ai.,_B|a/,H) = XE{f{v))xs{v), 

which is an admissible probabilty p G {0, 1}. 

Now let us prove that there are no other effects apart 
from {av^E\- Given an effect (c| G Eff(n [> m), thanks 
to Prop. |4] we know it can be expanded over the atomic 
effects {att'l as (c| = J2tt' ^tt'{att'\ with cu' = 0,1, i G 
r„, and t' G Tm- Suppose by contradiction that there 
exists a valid effect (c| — J^w '^wiatt'l with Cij = Ci'j' = 
1 for some j, j' and i ^ i' . Let us take the deterministic 
state |e/) G St(n i> m) with f(i) = j and f{i') = j'; we 
have that (c|£/) > 2, an absurd. ■ 

Proposition 6. Under the No-Restriction Hypothesis, 
the linear maps J-^, G TransfR(n > m, p > q) with 

{s,s',t,t') G r 

n ^ Pm X Pp X Pg such that J-^ 
Ssv^s'v'\cttt')j ore valid transformations. 

Proof. We just need to check that the maps J^^, are 
locally admissible, and then by Prop. [3] and the No- 
Restriction Hypothesis, we conclude that they actually 
belong to Transf(n o m, p > q). 

Indeed, for every state |q;/^h)j we have 

•^s"''|a/,H) = XE{s)Ss'f(s)\att'), 
which is a valid state of p i> q. H 

Proposition 7. The transformations J"**, G Transf(nl> 
m, p > q) are linearly independent. 

Proof. Let us show that a null linear combination of the 
transformations J-'* *, G Transf (n > m, p i> q) — say A = 



J2ss'tt' Css'tt'-F**'— necessarily has Css'w = 0, for ah s G 
P„, s' G T„i, t G Pp, t' G Tq. Indeed, for any couple 
\ani) G St(nt>m), (aj j'| g St(p>q) we have 

for every {i,i',j,j') G Pn x P„i x Pp x Tq, i.e. the trans- 
formations -F**, G Transf (n > m, p > q) are linearly inde- 
pendent. ■ 

Proposition 8. The transformations J-"**, G Transf (n> 
m, p t> q) are atomic. 

Proof. Let us suppose by contradiction that the trans- 
formation J^ll, is not atomic, namely J^**, = A + B 
for some A,B^ Transf (n o m, p o q). For an arbitrary 
state \af,s) G St(n [> m) we have that J-"**/|a/_H) = 
Xh(s) 5s'f(s) \att'), A\af^E) = l""^) = J2ss' ^^t'l^^s s'), 
I3\af,s) = \a^) = J2bs' ^ss'l^ss'), where we have ex- 
panded the states |a-^), |a®) G St(p>q) over the atomic 
states Ickss') of the system p>q. By hypothesis we have 
= A\af,s) + B\af^E), namely 

ss' ss' 

Since the atomic states |ass') are linearly independent 
we have that the previous relation can be rewritten as 

ct, -f cf,, = XEis)S,, if t = s, t' = s' 

cfs' + cfs' — otherwise 

Since c^./, cf^/ = 0, 1, we conclude from the second rela- 
tion that c^., — cf^, = if i s or t' 7^ s', while the first 
leads to cj|, = Xs{s) Sgi and c|^, = (or the other way 
round). Since the initial state |a/,H) S St(ni>m) is arbi- 
trary we conclude that J^* *, = ^ + (or J^* *, = + S) , 
i.e. J^ll, is atomic. ■ 

Proposition 9. There are no atomic transformations in 
Transf (n t> ni, p > q) other than J-l *, . 

Proof. Since the dimension of Transf R(n i> m, p > q) is 
dimStR(n > m) x dimStR(p l>q) — nxmxpxq, and 
the number of (linearly independent) atomic transforma- 
tions J^* *, is n X m X p X g we conclude that such atomic 
maps span the entire space of linear transformations be- 
tween the two linear spaces of states. 

Now let us suppose by contradiction that there exists 
another atomic transformation 7~ G Transf (n > m, p > q), 
different from any of J^* *, . Since the maps J^' */ span all 
the space, we expand T over them: 

ss'tt' 

Since T is atomic, it has to lie out of the cone built 
from the transformations J-'* *, ; hence at least one of the 
coefhcients cf^, is negative. Since {att'\T\as s') — cfj* is 
a probability, we have that < cf|/ < 1, i.e. there are no 
atomic transformations other than -F* '/ . ■ 
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Proposition 10. If the No-Restriction Hypothesis holds, 
the transformations TransfR(n l> m, p t> q) 3 Tq^ '■= 

J2{s',t)£n ■^fitj's' ^ '^^^^ C Tp X T„i, / : Tp r„, and 
g : Tp X Tm Tg actually belong to Transf(n>m, p>q). 

Proof. By Prop.[3]and the No-Restriction Hypothesis, we 
just need to show that the hnear maps are locally 
admissible. 

For an arbitrary state \ah,B.) we have 

= '^^Xnis',t)xE{fit))Ss'hifit))\atg{t,s'))- 

s' t 

The internal sum represents the state lag^/.x^, ) G St(p>q) 
with ggi : Tp — > Tq, gs'{x) := g{s',x) and the set T^/ C 
Tp defined by Xt^,{x) := Xn{s' ,x)xs{f{x))Ss'h(fix))■ 
The whole sum J2s' I'^Qs'-^,') represents a valid state of 
p > q, indeed for every Sg s'l the sets T^/^, Tgi^ are 
disjoint since 

XT^, nx^, (2^) = XT^, {x)xT^, {x) = 
= Xniso,x)xnis'i,x)xl{f{x))Ss'„h{f{x))Ss{hifix)) = 



= Xn{sQ, x)xn{s'i,x)xl{f{x))Ss'^h{f{x))Ss'gs[ , 

which is equal to zero when Sg ^ s'l thanks to the last 
Kronecker's delta. ■ 

Proposition 11. All the elements 0/ Transf (n > m, p [> 

q) have necessarily the form: Tq^ :— J2(s' t)efi-^}(t) 's' "* 
with Q CTp X Tm, f ■ Tp Tn, and g : Tp x Tm — > Tq. 

Proof. Given a generic transformation T — 
Y^ss'tt'Css'tfJ^si'^ we have that {a^ .y\T\ai^>) = cwjj'. 
Since cwjj' is a probability in a determinis- 
tic theory, we have {css'tf = 0) V {css'w = 1), 

v(s,s',i,t') e r„ X r„, x x r,. 

By contradiction, let us suppose that the transforma- 
tion T = J2ss'tt' Css'tf ^li' with cu'jf = Cki'ji' = 1 with 
i ^ k, j' ^ v. Let /i : r„ — > r„j with h{x) — i' \/x £ r„, 
then we have {Gj\'T\eh) > 2, i.e. an absurd. 

In such a way we have not ruled out the case 
X](s' t)en 1' ■ ^ transformation of this last form 

must have a couple of coefficients such that cwjj' = 
Ckk'ji' = 1 with i ^ k, i' ^ k' , j' ^ I', otherwise the 
functional dependence of / on the variable s' would be 
trivial. Let /i : r„ — s- Tm with h{i) — i' , h(k) — k'; then 
we have {ej\T\eh) > 2, i.e. again an absurd. I 



